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The study of Maps (X, G) , the group of polynomial maps of a complex 
algebraic variety X into a complex algebraic group G, and its representations 
is only well developed in the case that X is a complex torus C*. In this 
case Maps (X, G) is a loop group and the corresponding Lie-algebra Maps 

o o 

(X, Q) is the loop algebra C[t, t^^]® Q- Here the representation comes to life 

o 

only after one replaces Maps (X, Q) by its universal central extension, the 
corresponding affine Lie-algebra. One then obtains the well known theory of 
highest weight modules, vertex representations, modular forms and character 
theory and so on. 

The next easiest case is presumably the case of n dimensional torus (C*)". 

o 

So we consider the universal central extension of Q (8>C[t^ , ■ ■ ■ ,t^] which is 
referred to as the toroidal Lie-algebra r in [EM] and [Mii^y]. The most 
interesting modules are the integrable modules (where the real root space 
acts locally nilpotently (see section 2)), as they lift to the corresponding 
group. Unlike the affine case where the central extension is one dimensional, 
the toroidal case has infinite dimensional centre which makes the theory 
more complicated. For the first time a large number of integrable (reducible) 
modules for toroidal Lie-algebras (simply laced case) have been constructed 
through the use of vertex operators in [EM] and [MEY]. 

In this paper we construct two classes of (Examples (4.1) and (4.2)) of ir- 
reducible integrable modules for toroidal Lie-algebras with finite dimensional 
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weight spaces. In sections 4 and 5 we prove that any irreducible integrable 
module where part of the centre acts non-trivially are the ones given in Ex- 
ample (4.2) upto an automorphism of r. We have proved in [E3] that the 
only modules with the above property where center acts trivially are the one 
given in Example 4.1 (see Remark 5.5). In this case a similar classification 
is obtained in [YY] with a stronger assumption on the weight spaces. These 
results in the case n — 1 are due to [C] and [CP] . 

In section 1, after recaUing the construction of non- twisted affine Lie- 
algebras from [K], we establish the necessary terminology for root systems, 
non-degenerate billinear form and the Weyl group for toroidal Lie-algebras. 
In section 2 we recall the actual definition of toroidal Lie-algcbras and in- 
tegrable modules and prove some standard facts about the Wcyl group and 
weight systems (Lemma 2.3). Then we prove that an irreducible integrable 
module for r with finite dimensional weight spaces has a highest weight vcc- 
tor in the following sense. Let Qaf =g ®C[ti,t^'] © CCi © Cdi be an affine 
Lie-algebra and let Qaf — N~ © /i^ © be the standard decomposition. 
Then we prove that if some zero degree central operator acts non-trivially 
there exists a vector killed by A^"*" (8) ^n-i (Proposition (2.4) and (4.8) after 

o 

twisting the module upto an automorphism). Let Q— n~ O h° (B n'^ and sup- 
pose all zero degree central operators act trivially then we prove that there 
is a vector killed by n+ (8) (Proposition 2.12). These two results may be 
seen as generalization of Theorem (2.4) of [C]. 

In the section 3 we define graded and non-graded highest weight modules 
in the generality of loop Kac-Moody Lie-algebras and prove (Proposition 3.5) 
that there is a one-one correspondence between the graded and non-graded 
cases. The problem now reduces to the classification of irreducible integrable 
highest weight modules (non-graded) (Lemma 3.6). We prove (Remark 3.9) 
that any such module is actually a module for Qaf <8) An^i/I for a co-finite 
ideal /. (we are in the case where some zero degree center acts non-trivially). 
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In a combinatorial Lemma (3.11) which is of independent interest we prove 
that such a Lie-algebra is isomorphic to ®Gaf (direct sum of finitely many 
copies of Saf)- Then it is very standard to classify irreducible integrable 
highest weight modules for ®Saf- 

If the zero degree center acts trivially then the full center should act triv- 
ially (Proposition 4.13) where we use an interesting result (Proposition 4.12) 
on Hisenberg Lie-algebras due to Futorny [F] . In this case the classification 
is given in [E3] (see Remark 5.5). 

We prove in Lemma (4.6) in the generality of irreducible modules for r 
with finite dimensional weight spaces that most of the center acts trivially. In 
fact in each graded component of the center at most one dimensional space 
acts non-trivially. 

In other papers [BB] and [E4] a more general toroidal Lic-algcbra is con- 
sidered by adding an infinite set of derivations. They have constructed in- 
tegrable irreducible (highest weight) modules for toroidal Lie-algebra where 
almost all of the "center" acts non-trivially. It remains to be seen which 
toroidal Lie-algebra admits an interesting representation theory in general. 
More general Lie-algebras called extended affine Lie-algebras (EALA), of 
which toroidal Lie-algebras are prime examples, are studied extensively. See 
for example [BGK] and the references therein. 



1 Section 

We first recall the some notation of the theory of affine Lie-algebras from 
chapter 6 of [K] . We always denote N the non-negative integers, Z the integers 
and Z+ the positive integers. All our vector spaces are over the complex 
numbers C. 

o o 

Let ^ be a simple finite dimensional Lie-algebra. Let /j, be a Cartan 
subalgebra of finite dimension d. Let A = {aij) be the Cartan matrix of 
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the corresponding non- twisted affine Lie-algebra. Let oq, Oi, • • • he the 
numerical labels of the Dynkin diagram S{A). Let a^, - •■ , be the nu- 
merical labels of the Dynkin diagram S{A'^). Let — . We know 
from [K] that for a non- twisted affine Lie-algebra that ao — bo — 1. Write 
A — Diag{aobo, aibi, • ■ ■ , a^bajB where S is a symmetric matrix. Let h be 

o 

the Cartan subalgebra spanned by cIq , a^, • • • , a^, cZq such that h is spanned 
by a^, ■ ■ ■ ,q;^. Define ccj e h* by Q;j(Q;J) = aji^ai^do) = for 1 < i < o? 
and ao(c^o) ~ 1- Define w in h* such that w{a() = Sio and w{do) = 0. 
Then h* is spanned by ao, ai, ■ ■ ■ a^, w for dimension reasons. Define nonde- 

generate symmetric billinear form on h by (a;^,Q;J) = ajbjaij, (a^, rfo) = 5jo 
and ((io, do) = 0. Similarly /i* carries a billinear form such that {ai, aj) = 
b^^a~^aij, {ai,w) = 5io and {w,w) = 0. As in [K] we normalize the form on 

o 

h* by /?) = 2 where /5 is the maximal root of Q. Define 

Then 5 — ao = /5. Let /S"^ = C — a^. /,From [K] we have the following. 

{S,a,) = 0,(6,6) = 0,i6,w) = l,{C,a^) = 0,{C,C) = 0,{C,do) = 
1, (5(q;,^) = 0, Q;i(C) = and w(C) = 1. 

(1.1) Lemma For A e /i* 

(1) {X,ai) = b-^a;^\{a^),0<i<d 

(2) (A,/5) = A(/?^) 

Proof: It is easy to see. 

Define the ith fundamental refiection on h* such that nA = A — 
X{ai)ai, < i < d. Let VFa/ be the Weyl group generated by r^. Then 
(,) on /i* is Wa/— invariant. 
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o 

We need the following simple lemma. Let A be the root lattice of Q 

d 

spanned by cti, q;2, • • • , c^d- For A, /j, e/i define X^/j, if — A = y njaj for 

i=l 

+ o* 

Hi G N. Let A be the set of weights in h such that \{oi() G N for 1 < i < o?. 

0+ ^ + 

A weight A GA is called miniscule if /x^A, GA implies /i — X. 

O * 

(1.2) Lemma Let A G^ be miniscule then X{/3^) = or 1. 

Proof Follows from exercise 13 of Chapter III of [H]. Just note that A is 
dominant integral. 

We will now generalize this for toroidal algebras ([EM], [MEY]). Fix a 
positive integer n. Let h be the 2n + d dimensional vector space spanned by 
a^, ■ ■ ■ aXfn' ^1) ■ ■ ■ ) dn- Let A — (Aj) be a matrix of order n+d such that 
removal of n — 1 rows and the corresponding columns in the last n rows and 
n columns should give A. We will describe the matrix exphcitly. Recall that 
A — (ai,j)o<i,j<(i is the affine matrix. Then ^d+ij — ^oj) ^ i n,l < j < d; 
Aj^d+i = Oj.o, i<i<n,l<j <d; Ad+i,d+j = 2, 1 < i, j < n. Let D = diag 
{aibi, 0262, • • • ddbd, 1, • • • 1) be a matrix of order d + n. Then A — DB where 
B is symmetric matrix. 

Define aj G h* such that ^^(aj) = aji ior 1 < i, j < d + n,ai{dj) — 
for 1 < i < d, 1 < j' < n,ad+i{dj) — Sij for 1 < i,j < n. Define Wi G 
h*(l < i < n) hy Wi{a-) = for 1 < j < d and Wi{a^j_^^ — 6ij for 1 < 
j < n,Wj{di) = 0. Then we will see that cci, • • -ad+mWi, ■ • - Wn is a basis 
oih*. Let a^+i — hd+j — 1 for 1 < i,j < n. Define a symmetric billinear 
form h* by (ai^aj) = b^^a^^aij, (ai^wj) = Q 1 < i < d, {ad+i,Wj) = 6ij for 
i ^ i, j ^ n, {wi,Wj) = 0. 

Define for 1 < j <n 
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As in the affine case we have the following (ccj, 5j) — 0, (t^j, 5j) — 0, (a^, Cj) — 
0,(C,,C,) = 0, = 0,5,(C,) = 0,q;,(C,) = 0,5,(d,) = Q;d+,(dO = 5^,- 

and Wi{Cj) — 5ij. For m = (mi, • • • m„) e Z" define 5m = 5^ iriiSi and note 
that (5m,, Sjn) — 0. 5m are called null roots. 

o 

(1.3) Root and Co- roots. Let A be the finite root system. Let A = 

o 

{a + S \aeA U{0}, 5 null root } 

o 

7 e A is called real root if (7, 7) 7^ 0. For a e A define co-root 
= Z) for « = J2i=i moii, a. e A 

o 

For 7 = Q! + 5m, 01 e A Define 7^ = + ^ f^jCj- 

(1.4) Lemma For A e ^* 

(1) (A, a,) = 6-^ariA(a,^),0<i<d + n 

(2) (A, a) = ^A(a^),aeA'-'= 

(1.5) Weyl Group For a real root 7 define a refiection r-y on h* by 

r^(A) = A-A(7V 

^From above one can see that it is a refiection and (,) is 1^— invariant where 
W is the Weyl group generated by r^, 7 real. 

Now the action of the linear functionals ai, ■ ■ ■ , ad, 5i, ■ ■ ■ , 5„, Wi, W2, ■ ■ - Wn 
on the basis cti , ■ ■ ■ , a^, Ci, ■ ■ ■ C„, di, ■ ■ ■ (i„ is given by the matrix. 

0^ 
7 
[010) 

o 

which is invertible. Here A is the finite Cartan matrix. In particular the 
linear functions are a basis of h*. 



6 



2 Section ([EM], [MEY]) Let Q be finite dimensional simple Lie-algebra. 
Let n > 2 be a positive integer. Let A — — C[t^,- ■ -t^] be a Laurent 
polynomial in n commuting variables. For m = (mi,-- - , m„) G let 
pik^f^^... any vector space V let Va = V®A and let v{m) = v®t^ 

for V & V. Let Z = 0.^/(1 a be the module of differentials. That is Z is 
spanned by vectors t—Ki, < i < n, m G Z" by the relation. 

(2.1) ^m,t^K, = 

o 

Let r ©2 © D where Z) is a linear span of di, - ■ ■ ,dn. We will now 
define Lie structure on r called toroidal Lie-algebra 

(2.2) (1) [X{r),Y{s)] = [X,Y]{r + s) + {X,Y)d{t^)t^ where d{t^)t^ = 

o 

'Y^Tit-'^-Ki and (,) is non-degenerate ^-invariant symmetric billinear form 

o o 

on Q whose restriction to h is given in earlier section. 

o 

{2)Z is central in Q a ®Z 

(3) [rf„X(r)]=r,X(r) 

(4) [d,,t^K,]=m,it^K^. 

o 

Let h be the span of h and Ki, - ■ ■ Kn, di, - ■ ■ dn- Clearly h can be identified 

o o 

with h defined in section 1 with K: = Ci iov 1< i < n. Let Q= © o C„ 

- t I - - ^ ^aeA U{0} 

be the root space decomposition. Define 

T"o = h 

Then clearly r = ©agA^a is the root space decomposition with respect to h 

o 

and consistent with the root system A defined in section 1. For a gA let 
Xa be the root vector of root a. 

Definiton A module of r is called integrable if 
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1) (weight module) V — ®xeh*Vx 



where Vx^ {v eV \ hv = X{h)v, Wh e h} 

o 

2) for all a gA, m G Z" and v E V there exists an integer k = k{a, m, v) 
such that {Xa{m))''v = 0. 

For a weight module V let P(V^) denote the set of all weights. The 
following is very standard. 

(2.3) Lemma Let V be irreducible integrable module for r with finite 
dimensional weight spaces. 

(1) P{V) is W^-invariant 

(2) dim Vx = dimV^x for w G W^, AG P{V) 

(3) a real in A, A G P{V) then A(a^) G Z 

(4) If a is real, A G P(V) and A(q;^) > then A - a G P{V). 

(5) X{Ci) is a constant (integer) VA G P{V). 

Proof Let a gA and let a — ^CjCtj. Define ta — Z^Cj^^J-Q/J gQ ^j^g^^ 

= One can easily check that {ta,ta) = {a, a) and that a{h) = 

o 

(ta, h) where is the unique with that property because the form (,) on h 

o o 

is nondegenerate. Fix Xa EQa and choose ^Q-a such that [Xa, Ya) — 

2 

Claim rj = a^. Consider (/i, [X^, FJ) = a(/i)(Xe„ Fa) = 

By the uniqueness of the claim follows. 
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Now [a\X^] = a{a'')X^ = 2X^,[a\Y^] = -2Y^. Thus X^.Y^.a" 
is an copy. Consider 7 = a + 5^ and recall the definition of 7^ = 
+ ^ E f^jCj- Consider [X^ ® t^, Y^ (g) r"^], 

[7^X,®t^] = 2Xc,®t^ 

[7\y„«)r^] = -2y,®r^ 

Thus Xa ® t^, F« ® 7^ is an affine sh- 

Now 2, 3 and 4 follows from standard s/2 "theory representation. Since 
Ci is integer linear combination of aj it follows that A(Cj) is an integer. The 
fact that X{Ci) is constant follows from Lemma 4.3 (2). [QED]. 

o 

Consider the affine Lie-algebra Qaf =Q (8>C[ti, © CCi © Crfi. Let 
Qaf = ®h\(BN^ be the standard decomposition into positive root spaces, 
negative root spaces and a Cartan h\ spanned by a^, • • • ,0;^, a^+i, di. 

(2.4) Proposition Let V be irreducible integrable module for r. Assume 
that Ci acts by non-zero Ki and Ci, 2 < i < n acts trivially. Then there 
exists a weight vector v in V such that 

(g) A^-i-y = or A^" (g) = 

where A^-i — C[tf, ■ ■ • ,t^] and 

+ 

m.i>0 if aSA 
o 

and mi>0 if aSA U{0} 

m = (m2, • • • , m„) e Z""^ 
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We need some notation and few lemmas for this. Let A e P{V) then A can 
be uniquely written as 

A = + J2 9A + J2 sm 

— d °* 

where A = Hi=i T^iOi-i &h ■ 

Now for 2 < i < n. 

= X{Ci) = SiWi{Ci) = Si. 

= A(Ci) = si«;i(Ci) = si 

(2.5) Thus X^X + ^9i5i + KiWi. 

Let Fq" be non-negative integral linear combination of cti, • • • , ad- 

(2.6) Lemma Let F be a module satisfying the conditions of the above 
proposition. Then there exists A e P{V) such that X + rj ^ P{V),\/ri e 
r+\{0} where (A + r]){di) = X{di) = Xi{di) for fixed Ai e P{V). 

Proof Let Ai e PiV), let Ai(dj) — gilet g — {gi, - ■ ■ gn) and let 

Vg^^ {v e V]diV = giv}. 
Let Pgiy) = {A e P{Vy, Vx C Vg). Then from (2.5) for A e P^(l^) we have 

X^X + ^giSi + KiWi. 

Further A \h— X. So if A, e -Pg(V^) such that X^ [i then X^Ji. Now is 

o 

an integrable ^-module with finite dimensional weight spaces (with respect 

o 

to h). Hence 

Vg = e_ c*y(A) where y(A) 

o 

is an irreducible finite dimensional module for Q. For A,/x e -Pg(V^) we have 

d 

X — fj, — ^^mjCti. Since V is irreducible it follows that m^'s are integers. So 

i=l 
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that A's that occur in Pg{V) determine a unique coset in the weight lattice 

o o * 

of Q modulo its root lattice. Let Xq &h be the unique miniscule weight (see 
Ex 13 of chapter III of [H]). Then by Lemma B, 13.4 of [H] it follows then 
Ao is a weight of V{X) that occur in Vg. Since each weight space is finite 
dimensional the number of ^(A) that occur in Vg has to be finite. Thus 
Pg{V) is finite. Let A be maximal with the ordering ^. Then A + ry ^ -P(^) 
for any r] G r° \{0}. Just note that if A + 77 G P{V) then X + 7] e Pg{V). 
Further (A + 7j){d^) =g, = X{di). [QED]. 

(2.7) Now we will define a different ordering < on /i* by A < if — A = 

d+l d+l 

^^njOij, Ui e N. Thus if we say A > then A = ^^njCtj, Ui G N. 

i=l i=l 

(2.8) Lemma Let V be as in the above proposition with additional as- 
sumptions that Ki > 0. Suppose for all A G P{V) there exists < 77 7^ 
such that A-l-77 G P{V). Then there exists infinitely many Aj G P{V),i G Z+ 
such that 

(1) There exists a wieght vector Ui of weight Aj such that N~^Ui — 0. 

(2) Xi{dj) = Xk{dj) Vi, A; G Z+ and 2 < j < n 

(3) Xi{di) - Xi-i{di) G Z+ for i > 2. 

(4) There exists a common weight in V{Xi) \/i where V{Xi) is the irreducible 
highest module generated by Ui. 

Proof Let A be an in Lemma 2.6. Note that A(q;/) G N for i = 1,2, ■ ■ ■ ,d. 

o 

Follows from Lemma 2.3(3). Recall that A is finite root system. Let A^^ = 
{a + mSi,a gA, n > and « gA ,n>0}. Let A(A) = {7 G A+"; A(7^) < 
0}. Since A(Ci) = i^i > it is easy to see that A(7) is finite. This situation 
is very similar to the proof of Theorem 2.4 (i) of [C]. (Here we need our 
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Lemma 2.6 as the arguments of Lemma 2.6 of [C] are not correct. The 6th 
hne from above on page 322 does not follows from earlier argument). Now 
from the claims 1,2 and 3 in the proof of 2.4 (i) of [C] we have a vector v in 
Vx+pidi,Pi > such that 

TrSiV — 0,r > 
Ta+sSiV = 

for all but finitely many roots a + sSi in Since V is integrable it 

follows that U {N'^)v is finite dimensional. Choose Ai maximal in the ordering 
< among the weights in U{N'^)v. Then there exists a vector ui of weight Ai 
such that 

N+ui = 0. 

Further Ai = A + pi6i + rji, r/i > and Xi{dj) = X{dj) for 2 < j < n and 

Ai(di)-A(di)=pi + ?7i(di) >0. 
Now by Lemma 2.6 there exists Ai e P{V) such that 

(2.9) V~^^^^ = V77 e r+\{0} and ~Xi{di) = Xi{di) 1 < i < n. By the 
assumption in the Lemma there exists 771 > such that 

By (2.9) it follows that fji{di) > 0. As 771 > and we also have fji{di) — 
for 2 < i < n. Repeating the above argument for Ai + fji in place of A to 
get a weight vector U2 of weight A2 = Ai + r^i + P2S1 + ?72, 772 > such that 
N+U2 = 0. Now X2{dj) = Xi{dj) = X{dj) for 2<j<n. 

X2(di) = Ai(di) +P2 + 772(^1) + 77i(c^i) 

so that A2(c?i) — Ai(cii) — P2+'72(<^i)+^i('^i) > 0. (Note the strict inequality). 
Repeating this process we have (1), (2) and (3). Clearly Xi{aj) e N 1 < 
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j < 1 + d. By irreducibility of V we have 

d 

Xi — Xj = rriiai for e Z. 

i=l 

O * 

Then AjS determine unique coset of weight lattice. As earher let Aq G/i 
be the unique miniscule weight. Thus Ao^AjVi G Z. (Note that each Aj is 

dominant integral weight). 

d 

Let Ao = Xo+^^X{di)Si+Ki'Wi < Aj. This inequality is by construction of 

i=l 

d 

Xi. Recall A^ = Ai+Ai(di)5i + ^^A(di)(5i + irit(;i and we have Xi{di)—X{di) > 

_ i=2 

0. Now Ao(a/) = Ao«) e N for i = 1, 2, • • • , d. 

= iri-Ao(/5^) 

Since Ki is integer and positive we have Ki> 1. By Lemma (1.2) we have 
Ao(/?^) = on 1. Thus Ao(q;^+i) G N. Hence Aq is dominant integral and 
Ao < Aj. By Proposition 12.5 (a) of [K] it follows that Aq is a weight of V{Xi) 
for all i. This proves (4). [QED]. 

Proof of the Proposition (2.4) Assume > 0. Suppose the conclu- 
sions of Lemma (2.8) are true. Since Aj's are distinct, V{Xi) are all non- 
isomorphic irreducible heighest weight modules. Hence their sum has to be 
direct. But Vao ^ ^{^i) 7^ 0- Hence dim Vao is infinite. A contradiction. 
So we conclude that there exists a A e P{y) such that 

(2.10) A + 77 ^ P(y), VO 7^?7 > 0. In particular A + a ^ P{V) for a e A+". 
Thus from Lemma (2.3) (4) it follows that X{a^) e N: 
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(2.11) Suppose Vx^a+S' = for all a G and for all 6^ = ^^mjttj. This 

i=2 

means Xa <S> t—Vx — 0. But the positive real roots generates the positive 
null roots and hence A^"*" An-iVx — 0. So we are done. Now assume that 

n 

Vx+a+s 7^ for some a e A+" and for some S = ^nj^j. Let fx — X + a + S. 

i=2 

n 

Claim = for 7 e A+" and for all 5^ — ^^mj^j. Suppose it is 

false. Then V^+^+^i 7^ for some 7 and 6^. 
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Case 1 (a + 7,a) > 0. We know by Lemma (1.4) (2) that (a + 7)(a^) > 0. 
Put = a + S + and consider 

(/x + 7 + 5^)(7i^) = (A + a + 7)(a^) > 0. 

We are using the fact that A(Ci) = for 2 < i < n. By Lemma (2.3) (4), 
X + a + -f + 5 + 5^-(a + 5 + 5^)^X + -fe P(V) a contradiction to (2.10). 

Ceise 2 (a + 7, 7) > which can be done in the same way. 

Since the symmetric billinear form given by an affine matrix is semi pos- 
itive definite on the root lattice, we are left with the 

Case 3 (a + 7, a + 7) = 0. This imphes a + ^ — iSi for ^ > and further 
(a + 7, a) = and (a + 7, 7) = 0. Then (X + a + -f + 5 + 5^)('y'^) = A(q;^) 
where ^yi — a + 5 + S^. 

Sub case 1 A(q;^) > (in any case A(q;^) > 0). By lemma 2.3 (4) we have 

X + a + -f + S + S^-{a + 5 + S^)^X + -fe P{V) 
a contradiction to (2.10). 
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Sub case 2 A(q;^) = 0. Note that X((-a + £5i + 5 + 5^^) 

= iY^X{C^) > 

I 1 

Hence by Lemma 2.3 (4) we have 

X + a + -f + 6 + 6^-{-f + 6 + 6^) = X + ae P{V) 

a contradiction to (2.10). Thus our claim follows. As earher it follows that 
N'^ (g) An-iVfj, — 0. Hence we are done. The case Ki < can be done 
similarly. [QED]. 

(2.12) Proposition Let V be integrable irreducible module for r with 
finite dimensional weight spaces. Suppose — ior 1 < i < n. Then there 
exists a weight vector vinV such that 

n'^ (8) AnV = or 

n~ AnV = 

o o 

where Q— n+® h ^n' is the standard decomposition. 

Proof This follows from the proof of theorem 2.4 (ii) of [C]. Use Lemma 
(2.6) of our paper instead of Lemma 2.6 of [C]. The fact that the dimension 
of null roots could be greater than one does not matter. 

3 Section 

Let ^ be a Kac- Moody Lie-algebra. Let ^ be a Cartan subalgebra of Q. Let 
= [g^ g] and let = hn g\ Let g^ = m ® ® N- be the standard 
decomposition into positive roots spaces, negative roots spaces and a h^. Fix 
a positive integer n and let A = A^ = C[tf, ■ ■ ■ ,t^]. Let D he a linear span 



15 



of derivations di - ■ • ,dn- Then let Qa — Q\® h" ® D where h" is define as 
h — h'® h" (see § 1.3 of [K]). Define Lie-algebra structure on by 

[X{r),Y{s)] = [X,Y]{r + s). 

[di,X{r)] = riX(r),X,Y eg r,seZ^ 

[h,X{r)] = [h,X]{r) 

[h, di] = [di, dj] = 0,h E h 

Let JiA — <Si A ® D ® h" he an abelian Lie-algebra. For any Lie-algebra 
G, let U{G) be the universal enveloping algebra. Let H — <Si A ® h" . 
Then U{H) is clearly Z'*— graded abelian-Lie-algebra. Let ijj : U(H) — > A a 
Z"— graded homomorphism. Then A is a module for H via ip defined as 

ht^ = ^(h)t' for h e h" 
Let A-:^ = Image of ip. 

(3.1) Lemma (Lemma (1.2) , [E1]).A:^ is an irreducible /i^— module if and 
only if each homogeneous element of A-:^ is invertible. 

Just note that h" does not play any role. 

We need the notion of highest weight module for Qa- Let ip be as above. 

(3.2) Definition A module V of Qa is called highest weight module for 
Qa if there exist a weight vector (with respect to h(B D) v in V such that 

(1) V = U{gA)v (2) N^v = (3) uChA)v is an irreducible module for 
fiA given by ip. 

We will now define universal highest weight module for Qa- Let -0 be 
as above such that A:jj is irreducible. Let act trivially on A-jj. Now 
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consider the following induced Ga— niodule. M{t/j) — U{Qa) ®b where 

b^nX® JiA. 

We have the following standard. 

(3.3) Proposition 

(1) As h (B D module, M{ip) is a weight module. 

(2) M{'ip) is a free module and as a vector space 

(3) M{t/j) has a unique irreducible quotient called ^(■0)- 
Proof See [E3]. 

We need the following non-graded highest weight module for Q\ ® h" . 

(3.4) Definition A module W of is said to be (non-graded) highest 
weight module if there exists a weight vector (with respect to h)vmW such 
that (1) u{g\ © h") v^W 

(2) N^v = 

(3) There exists a ^0 in if* such that hv — il}{h)v for all h E H. 

Let t/j E H* and let H act as one dimensional vector space C(^) by 
-0. Let A^^ acts trivially on C(0). Consider the induced module M{tp) = 
U{g\ © /i")©B/C(7/') where B' = NX® H. 

Now by standard arguments Mi^ip) has a unique irreducible quotient 

Let -0 be as above and let -0 = E{1) o -0 where E{1) : A:^ — >■ C defined by 
E{l)t— = 1. Wc will make V{iIj)a a (graded) module by 
g{rn}v{r) = {g{rn)v){rn + r) for g e Q\iL-iIBl £ '^^iV e V{%1}). 

div{r) — riv{r) 
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h"v{r) = ih"v){r),h" e h" . 



(3.5) Proposition Let and as above. Assume that A-:^ is irreducible 
fiA- module. Let G C be such that {t—, m e G} is a coset representatives 
for A/A;^. Let v he a, highest weight vector of V{ip). Then 

(1) V{iI))a — ®meGUv{m) as module. Uv{m) is a module gener- 
ated by v{m). 

(2) Each Uv{rn) is an irreducible module. 

(3) Uv{Q) ^ V(~^) as ^A-module. 

Proof Follows from Theorem (1.8) of [El]. It is stated for special ■0. But 
we have only used the fact ^4^ is irreducible /i^- module. More over our Qa 
is smaller than one in [E] but all the arguments take place inside Qa- [QED]- 

(3.6) Lemma (Lemma (1.10) , [E3]) Let -0 and '4> as above. Then V{'^) 
has finite dimensional weight spaces (with respect to h® D) if and only if 

V^(-?/') has finite dimensional weight spaces (with respect to h). 

The following Lemma tells for which ip^ V{il)) has finite dimensional weight 
space with respect to h. There by giving conditions for V{%Ij) to have finite 
dimensional weight spaces. 

(3.7) Lemma V{il)) has finite dimensional weight spaces if and only if ip 
factors through h' ® A/ 1 for some co-finite ideal / of A. 

Proof Assume that V{il)) has finite dimensional weight spaces. Let A+ be 
a positive root system for Q. Let a be a simple root in A+. Let be a root 
vector for the root —a. For fixed j, consider, for a highest weight vector 

{r„ ® t]v, n G Z} 
18 



which is contained in the same weight space Vx-aii^), X — ip\h. Thus there 
exists a polynomial Pj{cK) — X^^i^} ^^ch that 

Y^^Pj{a)v = 0. 

Where ^ Pj{oi) — ^ aiYa <8) fj. Let (P) be the ideal generated by polyno- 
mial P inside A. 

Claim 1 y« iPjia))v = 0. 

Consider = h(rn)Ya Pj(oi)v ^ Y^ Pj{a)h{rn)v - a{h)Y^ ® t^Pj(a)v. 
Since h{rn) acts by scalar on v, the first term is zero. Hence the claim. 
Put Pj = Yl^ji'^) where a runs through all simple positive roots. 

Claim 2 ® {Pj)v = for /3 e A+. First note that (Pj) C Pj{a) and 
hence the claim is true for any simple root. Claim by induction on the height 
p. Caim is true for /3 such that height /3 = 1. Let a be a simple root in A+. 
Let Xa be the root vector of root a. Consider 

X^{m)Yp ® {Pj)v ^Yp^ {Pj)X^{m)v + Yf)\ ® t^{Pj)v. 

The first term is zero as v is highest weight vector. The second term is zero 
by induction. Since Yg eg) {Pj)v is killed by Xa{m) for a simple and for any 
m e Z" it is easy to see that ^^(m).!^^ eg {Pj)v = for all a G and 
m G Z". Hence (g) {Pj)v is a highest weight of weight \ — f3. But V{iIj) is 
an irreducible highest weight module and hence (Pj)!; = 0. Hence claim 
2. 

Claim 3 h (g) (P,> = Wh e h' . 

Consider ha ® (yPj)v = XcXa ® {Pj)v — Yq 8) {Pj)XaV = since ha covers all 
h' for a simple we have claim 3. 

Let / be an ideal generated by Pi, P2, ■ ■ ■ , P„ inside A. It is elementary to 
see that ^// is finite dimensional. Thus ip factors through h'®A/ 1. In fact we 
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can prove that Q'®I.V{'il)) = by considering W — {w ^ ^(V'); Q'®Iw — 0}. 
We have just seen that W is non empty. It is easy to see that 1^ is a sub 
module. Hence W — V{'^). 

Conversely suppose that '4> factors through /i' (g) A/7 for a co- finite ideal 
I of A 

Claim 4 For /3 > 0, Yg (8) /t' = 0. Let a be simple positive. Consider 

Xa{rri)Ya ® Iv = Ya® IXa{rn)v + ha® Iv 
- 

Let ai be simple positive root different from a. Then clearly Xa{rn)Ya®Iv — 
0. Hence Y^^Iv is a highest weight vector. Since V{'^) is irreducible highest 
weight module we conclude that Y^® Iv — Q. 

Now arguing as earlier on the induction of ht (5 we have Yp ® Iv — 0. 
Hence the claim. Thus we have ® Iv — 0. Now consider the non-zero 
submodule 

W ^{we y(V'), g^®Iw^ 0} 

of V{il)). Since V{il)) is irreducible we have W = V{iIj). 

Let Vfj^lip) be a wiehgt space of V{iIj). Then by PBW theorem any vector 
of Vn{ip) is linear combination of the vector of the form. 

(3.8) Y^^t^^Y^^t^-2 ■ ■ - Y^^t^k such that -^a^ + A = /i where \ = \ 
h and ctj > 0. Thus the number of ai that can occur are finite. Now 
for any finite dimensional space W of V{il)) and for any fixed the space 
Yc^^ ® t—W, for m G is finite dimensional. Thus at every stage in the 
equation (3.8) we get a finite dimensional space. So we conclude that V^('0) 
is finite dimensional. [QED]. 

(3.9) Remark (1) V{iIj) has finite dimensional weight space if and only if 
g' ® I.V{i>) =^0 ior a co-finite ideal I oi A. 
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(2) This lemma also gives new modules with finite dimensional weight 
spaces for affine Lie-algebras by taking Q to be finite dimensional simple 
Lie-algebra and n — 1. 

We will now give a continious family of irreducible highest weight modules 
for Qa with finite dimensional weight spaces. 

As earher let n be a positive integer. For each i,l < i < n, let Ni 
be a positive integer. Let Oj = {an, ■ ■ ■ , a-iN^) be non-zero distinct complex 
numbers. Let N = Ni - ■ ■ N^. Let / = (ii, ■ ■ ■ ,in) where 1 < ij < Nj. Let 
m = (mi, ■ ■ ■ , m„) G Z". Define aj" = ■ ■ ■ a^i^- Let (p he a. Lie-algebra 
homomorphism defined by 

(3.10) ^-.Ga^ ®iV-copies Q = Qn 

X®t^^ (afX). 

Q could be any Lie-algebra. This map was first defined by Kac-Jacobson for 

Lemma (3.11) (a) $ is surjective. 

(b) Let Pjitj) = Y\_i^j~^jk) / be the ideal generated by -Pi(ti), ■ ■ ■ , Pn{tn) 

k=l 

inside A. Then G (g) A/ 1 ^ Gn- 

Proof (a) We will first prove that the following N x N matrix is invertible. 

— '^ni„)0<mi<Ni-l 
l<ij<Nj. 

The index m determines rows and the index {ii, - ■ ■ , in) determines columns. 
For n — 1,X becomes Vandermonde matrix as an ^ oy. Hence X is invert- 
ible. We will now prove this for n = 2 and then extend it for all n. 
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Given a square matrix A, we call a square matrix of the form. 

/ AO ■■■ \ 
OA ■■■ 

\ ■■■ OA J 

a block diagonal matrix of A. Let B = (aii)i<ij<Ari and 

C = {a2i)i<i,j<N2- 

For K — 1,2, since axi are distinct non-zero complex numbers for distinct 
i, B and C are Vandermonde matrices and hence they are invertible. Let B 
he N X N block diagonal matrix of B. Similarly C for C. Clearly both B 
and C are invertible. 

Let (7 :< 1, 2, • • • , TV >^< 1, - ■ ■ ,N > he such that 

a{p) = (m - 1)A^2 + + 1) 

where p = N^i + m,0 < i < N2 - 1,1 < m < Ni (recall that N1N2 = N). 
Clearly a is injective. Let D = {0^1) where Ck^i= Ccr(k),e.)C = {c^^^) and 
B — {bk,e) ■ Then clearly D is a product of permutation matrix and C and 
hence invertible. We now claim that upto permutation matrix X — BD 
which is invertible. 

Consider {k,i) entry oi BD. 

N 

(3.12) J^l^^iMi)^ 
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Claim Exactly one and only one term in (3.12) is non zero. 

let k^PiNi + qi, < pi < N2 - 1 

1 < ?i < A^i 
e^sN2 + t, 0<s<Ni-l 

l<t<N2 

Since S is a block diagonal matrix of B,bkj to be non zero in (3.11), j 
should be equal to piA^i + q2 for some I < q2 < Ni. 

Now a{j) — {q2 — 1) A^2 + (pi + 1) ■ Now since (7 is a block diagonal matrix, 
Ca{j),e to be non-zero i should be equal to 

(^2 — l)-^2 + 1 which forces q2 — 1 — s. Thus (3.12) equal to 

s t 
^lgi^2(pi+l)- 

This proves the claim. Notice that the exact placement of the entries are 
given by the permutation matrix. But the entries of the rows and columns 
do not get mixed up. Hence X = BD up to permutation. 

Now we will prove the result for any n. Let = {0'ki^)i<i,j<N^. and 
let Ak be a block diagonal matrix of Ak- Consider Ai and A2. Let be a 
permutation matrix given as in the case n — 2. The only difference is that E 
is actually a block diagonal matrix of a permutation matrix of order N1N2. 
Now A-1EB2 is a block diagonal matrix of a matrix of order N1N2. Now take 
A1EA2 in place of Ai and in place of A2 in the case n — 2. Repeat the 
process to get a matrix of the form AiEA2FA3{F is a permutation matrix) 
which is a block diagonal matrix of a matrix of order NiN2N^. Each entry 
of this matrix is of the form 

71 — 1 72 — 1 73 — 1 

«in <2 <3 ■ 

Repeating this process we get the desired matrix X which is invertible. 
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Let {Xi, ■ ■ ■ ,Xn) e On- 
Now ^{X-^{Xi, • • • , Xn)'^ = (^1, • • • , Xn). This completes the proof of 
Lemma 3.11 (a). 

(b) Q®Pj{tj) C ker^, since the restriction of $ is nothing but evaluation 
map at the roots of Pj{tj). Thus we have Q ® I Q ker^. Consider the 
space T — {Q ® t—,0 < rrii < Ni}. Since any Q ® P can be reduced to the 
linear combinations of elements of T modulo ^ it is a spanning set. In 
(a) we actually proved $ is surjective on T. Further $ is injective on T as 
the corresponding matrix is invertible. Thus it follows that Q ® A/ 1 = Q^. 
[QED]. 

(3.13) Remark The condition ajj ^ an. is necessary. Otherwise $ is not 
surjective. 

Let V{Xi) be irreducible heighest weight module for Q. Then it is known 
by Lemma (9.10) of [K] that V{Xi) is irreducible module. Thus V = 
(8>^iV^(Aj) is an irreducible module. Restrict the map $ in (3.10) to 
G'a © h" whose image containing Q'j^. Thus V is irreducible Q'^ © h" module 
via $. Consider / = (ii, ■ ■ ■ ,in) for 1 < ij < Nj. They are of them. Give 
them an order say /i, • • • In- The map $ is defined in this order. Now define 

(3.14) : U{H) C 

N 

by ijj{h ® t^) = ^afXi{h), h e h' and V(/i) = E Hh), h e h. Then it is 

1=1 

easy to see that V is a highest weight module with highest weight ijj. Thus 
we have V(V') = V. Now define 

(3.15) ip : U{H) — * A as Z"— graded homomorphism by 

il){h®t—) = 'il){h®t—)t—. So in order to get modules for Qa we need to know 
that A-:t is an irreducible ^yi— module. (See proposition (3.5) and Lemma 
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(3.1)). It is well known that V{Xi) is integrable if and only if Aj is dominant 
integral. Since our interest is in constructing integrable modules we will 
assume that each Aj is dominant. 

(3.16) Lemma Let t/j be as above. Assume each Aj is dominant and not 
all of them are zero. Then is irreducible /i^— module. 

Proof Let Ij — (ii,--- ,in) and let Xj — Aj^jj-in- Consider F = {m e 
Z", e A;^} t/j being an algebra homomorphism, F is closed under addition. 
■0(/i (8) 1) = ^\i-i„ a-nd each weight is dominant and not all zero. So 
'0(/i ® 1) 7^ for some h. Hence e F. To prove the Lemma it is sufficient 
to prove that F is a sub group (see Lemma (3.1)). For 1 < j < N consider 
i^j=^\ h(^C[tj,tj'^]. 

Claim Image ijjj = C[tf ,tj for some kj < Nj. Consider ipj{h ® t'-''^) = 

Yl Aii,...i„(/i)a^^iJ'^ Clearly for a fixed ij- one of ^ Aji,...,i„(/i) is 

h=^(h,--- ,in) (n, •••,««) 

non zero for some h. Now -ipj^h tj"') = for < rrij < Nj cannot hold as 

(ci^ij) is a Vandermondc matrix. The same holds for —Nj < rrij < 0. Thus 

the image has to be £-[t^\tj ^'''\ for some < A; j < Nj. In fact kj \ Nj see 

Lemma (5.3) of [£^2]. Thus we have 

(3.17) 

iik{L © • • • © 4A;„Z C F 

for any ^i, e Z. < /c^ < Ni. Let Fq = {{mi, • • • , m„) e F, < < 

/cj} a finite set. To prove the lemma it is sufficient to prove that each element 
of Fo has a inverse in F. This is in view of (3.17). Let m — (mi, • • • , m„) e Fq 
be such that mi is non-zero and minimal, (if the all first co-ordinates if Fq 
are zero we take the next one). We will first prove that there exist m^ e F 
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such that ml — —mi. Let ki — iiirii + Si,0 < Si < mi,£i > 0. Consider 
X — {£i + l)m — {ki, ■ ■ ■ ,kr) e r. Then {li + l)mi — ki — —si + mi < mi. 
Further < — si + mi. Now we can assume that x e Fq without changing the 
first co-ordinate in view of (3.17). Now by minimahty of mi it will follow that 
— Si+mi = mi. Now consider m-|-(£— l)m— (/ci, A;,.) = (0, *,*,•••,) e F. 
Take any m^ e Fq. Assume that m\^Q write m\ — (\mi + si, < Si < mi. 
Arguing as earlier we see that si = 0. Hence = m} — i\m = (0, *,■•■,*) e 
F. We can further assume that e Fq. Thus we have proved that given 
m G Fo there exists G F such that rn+m} = (0, *,■■■,*) G Fq. Repeating 
this process we get inverses of ail elements of Fq. [QED]. □ 

(3.18) Theorem Let g be Kac-Moody Lie-algebra. Let A = = C[tf, ■ ■ ■ , t^] 
be a Laurent polynomial in n commuting variables. Let ip and ip as defined 
in (3.14) and (3.15) with each Aj dominant integrable. Then V{iIj) is an inte- 
gral irreducible module for Qa with finite dimensional weight spaces. Further 
V{ip) is isomorphic to the first component of V{iJj) ® A. 

Proof. From Lemma (3.16) A-:^ is irreducible. Hence V{iIj) is a irreducible 
highest weight module from Proposition (3.3). From Proposition (3.5) it 
will follow that V{il)) is isomorphic to the first component of V{iIj) ® A. 
Since each Aj is dominant integral V{Xi) is integrable. Since each V{Xi) is a 
highest weight module it is known that V = ®^iV{Xi) is module with finite 
dimensional weight space with respect to h where h is included diagonally in 
©/i. From Lemma (3.11) it follows that the map defined in (3.10) is surjective. 
Hence V = V{ip). Since V{^|J) has finite dimensional weight spaces it will 
follow from Lemma (3.6) that ^(■0) has finite dimensional weight spaces with 
respect to h^h® D. [QED]. 
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(3.19) Remark Most often = A. See (1.7) of [El]. In this case 
V(^) = V{^jj) ® A. 



(3.20) Proposition Suppose V{ip) is an integrable highest weight module 
for Qa with finite dimensional weight spaces. Then 

N 
j=0 

for some distinct non-zero scalar (aii,...,aiiVi) and aj^ are as defined in (3.10) 
and each Xj is dominant integral. 

Proof Let t/j — E{l)ot/; where E{l)t— — 1. Let v be a highest weight vector 
of V{t/j). Then by Lemma (3.6), ^(■0) has finite dimensional weight spaces. 
Then from the proof of Lemma {3.7)y{ijj) is a module for Q' (g) A/I where 
/ is a co-finite ideal of A. Further I is generated by polynomials Pj{tj) for 
^ < j <n. We can assume that Pj{tj) has no zero roots as one can multiply 
Pjitj) hj tj^,i > and will get the same ideal /. Further we can assume 
that each polynomial Pj is not a constant. In case Pj is constant then the 
module will be trivial. Let aji, ■ • • , gjnj be distinct non-zero roots of Pjitj). 
Let 

k=l 

Let /' be a co-finite ideal generated by Pjitj) insider A. 

Claim Q' ® P is zero on V{il)). Consider the map ^ : Q' ® A/ 1 Q' ® 
AjV — > 0. It is easy to verify that kcr $ is solvable. Let a be a simple 
root of Q. Let X^, Ya-, Ha be a s/2— tripplc and let Qa be the span of Xq,, 
and Ha- Consider Qa = Qa® ^/ 1 which is finite dimensional. Let W be 
module generated by v. Since l^('0) is integrable and ® P acts trivially 
on V and ® P acts as scalars, we conclude that W is finite dimensional. 
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By restricting the action of the solvable Lie-algebra Qa ® I'/ / to 1^ we get 
a vector winW (by Lie-theorem) such that Ga ® ^'/^ acts as scalars on w. 
Prom the proof of the Proposition (2.1) of [E3] (we assumed the module is 
irreducible but for this conclusion we do not need it) we get that 

(3.21) (g) (I'/I) w^O. 

Subclaim g^®{r/I) v^Q.Bj definition of W we have a y e U{Y^®A/I) 
such that Yv — w. Since V{'^) is irreducible there exists X &U{t) such that 

Xw = v = XYv 

where X = X^HX+,X+ e U{N+ ® A)X_ e U{N- ®A),He U(h (g) A). 
Pirst note that the weight of V{ip) are of the form A — '^riiai + 5^ where 
X — ip \ h and ai, • • • , q;„ the simple positive roots and rii, • • • , ria are non- 
negative integers. 5^ is a null root. The weight of w is A — sa for s > 0. 
Thus for these reasons X+ e U{Xa ® A). Purther X_ has to be constant. 
Thus X is linear combinations of products of the form. 

(3.22) 

U{h ® A)X^Qi ■ ■ ■ X^Qi, Qi e A. 
Pirst we will see that 

(3.23) 

Qa ® I'U{h ® A)w = by (3.21). 

Now consider 
(3.24) 

Ga^l'XaQlW = XaQGa^l'w 

+ [x^,ga]^Qi'w^o 
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Both terms are zero by (3.21). Now by induction on £ we see that 

^From (3.22), (3.23) and (3.24) it follows that ® I'Xw = Ga I'v = 0. 
This proves the subclaim. Since h' is spanned by Ha, a simple we have 

h' ® I'v = 0. 

We will now show that Yg ® I'v — for any positive root P where Yp is 
a root vector of root — /3. We do this by induction on the height of /3. We 
clearly know this for /3 such that height P — 1 by (3.21). 

Let CKi be any simple root. Consider 

X^Yp (8) I'v = (8) I'X^v + [Xa, Yf^] ® I'v. 

First term is zero since f is a highest weight vector. The second term is zero 
by induction. Thus wc have proved that Yg (g) I'v is a highest weight vector 
in an irreducible highest weight module V{i/j). Hence for weight reasons 
Yp ® I'v = 0. 
Now consider 

W ^{we V{i/j), g' ® I'w = 0} 

which is a non-zero submodule of V{'^). Hence W — V{'^). This proves the 
claim. 

Thus we have a module for Q' ® A/I' . By by Lemma 3.11 (b) we have 
Q' ® A/r ^ Q'j^ where N ^ Ni---Nr. Consider h' sitting in the ith place of 
Q'j^ which acts as hnear function on the highest weight vector v of ^(-0). By 
standard theory of integrable modules it follows that Aj is dominant integral 
weight. From the map given in Lemma 3.11 (a) it follows that 

iP{h' ^m) = J2 afXiih') for h' e h'. 
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Section 4 



We will now extract two classes of integrable irreducible modules for toroidal 
Lie-algebrar with finite dimensional weight spaces. 

(4.1) Example Z = case. Take Q to be finite dimensional simple Lie- 

o 

algebra Q in theorem (3.18). Then V{ip) is an integrable irreducible module 
with finite dimensional weight spaces for the toroidal Lie-algebra r where 
center Z acts trivially. 

o 

(4.2) Example Z ^ case. Let Q be simple finite dimensional Lie-algebra. 
Let Qaf ®€[ti,t-^ ] ® CCi ® Cdi be the non-twisted affine Kac-Moody 
Lie-algebra. Consider the following Lie-algebra homomorphism 

n n 

^' -.g ®A® z®Y^ cdi g'^f (g) An-i ® J2 '^^i 



1=1 



by 

(1) is Id on g 

(2) ^'{di) = di 





(3) ^'{t^h) = < 



f- 



if mi 7^ 

if mi — 0,2 < i < n 
if mi = 0,i = 1 



Here An-i — €[^2 , • • " ^^n] ^-^d g <S>A is identified inside ^a/ ® ^n-i by 
X (8) ^ (X i^i) where m = (ma, • • • , m„). Now take to be 
the Kac-Moody Lie-algebra in Theorem (3.18) and take n — 1 instead of n. 
Then ^(■0) is an irreducible integrable ^a/ ® ^n-i ® Z]"=i Cdj module. Then 
^(■0) is a module for r via the homomorphism 
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Towards the end of this paper we prove that the above two classes are 
the only irreducible integrable modules with finite dimensional weight spaces 
upto an automorphism of r. 

We will now recall certain automorphisms of r constructed in section 
4.3 of [El]. Let A — (ajj) i<,<„ be an element of GL(n,Z) the group of 

l<j<n 

integral matrices of order n with determinate ±1. Let r = (ri, ■ ■ ■ , r^), s = 
(si, • • • , Sn) G Z". Let Cj = (0, • • • , 1, • • • , 0) be such that 1 on the ith place 

and zero everywhere. Let ArJ' = rri^,As^ = (f where m,dG Z". Let 
a{i) = {an, ■ ■ ■ , a„j) so that AeJ = a{i)'^ . T denotes the transpose. We now 
define an automorphism of r again denoted by A. 

A{X ^ t^) = X{m) A{d{t^)t^) = d{t^) ■ 

Let (d}, • • • , d^) = {A^y^idi, • • • , dn)^. Define A{di) = d]. It is straight- 
forward to check that A defines an automorphism of r. A does not preserve 
the natural Z"— gradation of r. 

o 

We note that Z does not commute with r but commutes with Q <S)A © Z. 
In spite of this we call them central operators since they are as good as 
central. 

Let V be irreducible r module with finite dimensional weight spaces. We 
have the following Lemmas. 

(4.3) Lemma (1) Let z E Z he a, homogeneous element of degree m such 
that zv ^ for some v in V. Then zw ^ for all non zero w in V. 

(2) The zero degree central operators Ki = Ci act by scalars 

Proof Let W = {v eV;zv = 0}. Consider zX 0t^v = X ® t^zv = for ^; 
in W. Further zdiV = {diZ + miz)v = for t; in V . Hence W is a. submodule 
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of V. Since V is irreducible we should either have V — W or W — 0. But 
we know that W y^V and hence 1^ = 0. 

(2) The zero degree central operators Ki leaves each finite dimensional 
weight space invariant. Thus Ki has a eigenvector v of eigenvalue £. Since V is 
generated hy v,Ki (central) should act by the same scalar i everywhere. This 
argument holds good for any operator on V of zero degree which commutes 
with T and leaves a finite dimensional space invariant. [QED]. 

We will now prove an important lemma which is crucial for the classifi- 
cation result. 

(4.4.) Lemma Let z be a central operator in Z of degree m such that 
z ^ 0. Then there exists a central operator T (need not be in Z) on V of 
degree —m such that 

Tz = zT = Id 

Proof First consider zV a non zero submodule of V. Hence zV = V. Now 
given a V in V there exist a unique w in V such that zw = v. (uniqueness 
follow from the fact that zwi = implies Wi = by lemma 4.3 (1)). Define 
T : V ^ V such that T{v) = w. 
Then clearly zTv = zw = v. Now consider 

z{X{r)Tv) = X{r)zTv 
= X{r)v. 

Hence by definition T{X{r)v) = X{r)Tv. Thus T commutes with Q®A and 
hence commutes with z. In particular 

Tzv = zTv ^zw^ v.[QED] 
(4.5) Theorem Let V be irreducible r module with finite dimensional 

o 

weight spaces with respect to h ®Zo D where Zq is the linear span of 
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Xi, • • • ,Kn. Let 

L — {r, — r; t-Ki j^OonV for some i}. 

Suppose the dimension of the C hnear span of L is k. Then upto an auto- 
morphism of T 

(1) there exists non-zero integers mi,m2, • • • ,mk and nonzero central op- 
erators zi, - ■ • Zk such that the degree of Zi is equal to (0, ■ • ■ , rrii, ■ • ■ 0) 

(2) k<n 

(3) t-Ki = for all i and for all r such that rj ^ for some k + 1 < j < n. 

(4) t^Ki = for 1 < i < A; and for all r. 

o 

(5) There exists a proper submodule W of Qa ®2 © -Dfc such that V/W 
has finite dimensional weight spaces with respect to h® Zq + where 
Dk is the linear span of 

{dk+l, ■ ■ ■ ) dn}- 

Proof Let T = {,21-22 ■ ■ ■ zg \ where Zi = t-Kj ^ or Zi = inverse of t-kj ^ 
for some j and for some r}. 

Let = (s G Z" I where s is the degree of some operator in T}. Then 
clearly is a sub group of Z". Now by standard basis theorem there exists 
Si, • ■ ■ ^ s^ch that miSi ■ ■ ■ rnkSj^ is a basis of for some non-zero inte- 
gers rrii. Now we can find an automorphism B such that Bs^ = (0 • • • 1, • • • 0). 
Let = mjSj for 1 < i < /c. Then Br - — (0, • • • rrii, ■ ■ - 0) for i < i < k. So 
after twisting the automorphism we can assume that there exists non-zero 
central operators Zi, - • ■ Zk, of degree (mi, 0, • • • 0) • • • (0, • • • rrik, • • • 0). Let 
Ti, • • • Tk be the inverse of zi, - ■ ■ Zk- 
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Claim 1 Wi — {ziv — v \ v eV} is a, proper ®^ ® Di— module. 

Note that for i 7^ 1, commutes with Z\ and hence W\ is dj— invariant. 

o 

Clearly W\ is Qa ®Z invariant. To see that Wi is proper, just note that Wi 
cannot contain di weight vectors. Now consider W2 = {z2V — v;v ^ V/W}. 

o 

By above argument we can see that W2 is a proper Qa ®Z © -D2 module. 
Continuing this process we see that W = {ziV — v \ v & V,l < i < k} is a. 

o 

proper © Dk— module. 

Claim 2 TiW = W and v - TiV e W for all v in V. 

Consider f — Tjf = ZiTiV—T^v e W. Now Ti{zjV — v) = Zj{Tiv)—TiV e W. 
Hence the claim 2. 

Claim 3 Let A be a weight of V. Let Vx = (BrVx+s^ where the sum runs 
over all r such that r^+i = • • • = r„. Let TFa = Fa n W. Then M = Vx/w^ 
is finite dimensional. 

To sec this first recall that Zi is central operator of degree Hij = (0, • • • , rrij, • • • , 0). 
Consider 

S = ®\ri\<\mi\Vx+Sr 

Tk+l = • • • = r„. 

Since each weight space is finite dimensional it follows that S is finite 
dimensional, so to prove the claim 3 it is sufficient to prove that every v in 
1^ is in 5" modulo Wj^. Let v e Vx+SriL — {fii • • • ?^it, • • • 0). Let 

Ti = knii + gi, I Qi \<\ rrii) 

for Qi^li e Z. Note that the sign of U depends on the sign of and m^. 
Suppose > and < then li < 0. Suppose n > and < then 
k > 0. 
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Let 

li<0 li>0 

Then by claim 2 and the definition of W we see that Zv — v modulo W 
for all ^; in y. On the other hand it is easy to see that Zv E S. Hence the 
claim. 

o 

Thus we have proved that V/W is a Qa ® D^— module with finite 
dimensional weight space with respect to /i ® ® -Dfe. This provs (5). 

(3) Suppose t-Ki ^ for some r and such that 7^ for A; + 1 < j < n. 
This increases the dimension by 1. So we have (3). 

(1). Let /ife be the linear span oih® t-, t-K^ ior 1 < i < k and Vj — 
for A; + 1 < J < n and rffe+i, • • • , dn- One can check that hk is solvable. In 
fact [[/ifc, /ife], /ifc] = 0. Now clearly V^;^ is a submodule for and W-^ is a 
submodule. Therefore M is a finite dimensional module for hk- Thus by Lie- 
theorem there exists a vector v in M such that h{r)v = X{h, r)v for h{r) G hk- 
Consider for rn,dEZ"' such that dj = = for + 1 < j < n. Then 

{h,h')d{t^)t^ = [h{rn),h'{d)]v 

= {h{m)h'{d) - h{m)h{d))v 

= (A(/i, m) A(/i', d) - X{h', d)X{h, m)) 

= 

Let z = d{t—)t- and suppose z ^ on V. Then we have proved that 
there exists a non-zero vector in V/W (there is f ^ W) such that zv G W. 
But V = z~^zv C z~^W C W. A contradiction. Hence z = 0. In particular 
t^K, = for 1 < i < k and Tj = for k + 1 < j < n. (see 2.2 (1)). This 
together with (3) proves (4). The second part of (1) follows from above. 

(5) Suppose k = n. Then by 4, Z has to be zero a contradiction to the 
fact that k^n>0. [QED]. 
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We record here the following Lemma about the dimensions of central 
operators acting on V. We will not need it anywhere but of independent 
interest. 



(4.6) Lemma Let zi,Z2 be non-zero central operators of degree m of an 
irreducible module V oi t with finite dimensional weight space. Then zi — 
kz2 for some constant k. In particular there is at most one dimensional 
non-zero central operator in a given degree. 

Proof Let Ti be the inverse central operator of degree — m of Zi. Consider 
Z2T1 which is of degree zero central operator and leaves a finite dimensional 
space Vg (see the proof of Lemma 2.6) invariant. 

Thus it has a eigenvector v say of eigenvalue k. But v generates V and 
hence Z2T1 = k on V. Now zik = Z1Z2T1 = Z2. Hence we are done. [QED]. 

We need one more reduction modulo an automorphism of r before we 
can take up the classification problem. Recall that A G GL{n, Z) defines 
an automorphism of r such that Ad(t-)t- = d{t^-).t^-. (We are supressing 
Transpose T and there is no confusion). It is easy to see that if A = (ojj) 
then 

n n 

(4.7) A{t^Ki) = ^aijt'^^^'^Kj. By taking s = we have A{Ki) = ^aijKj. 

j=i i=i 
Let Ki act on V by ki. We know that there exists k < n such that ki — 

ioT 1 < i < k upto an automorphism of r. Now choose A e GL(n,Z),A — 
^ such that / is identity matrix of order k x k and B e GL{n — A;, Z) 
such that B{kk+i, • • • , kn)^ = (0, • • • , 0, £). 

(4.8) Proposition Let V be irreducible module for r with finite dimen- 
sional weight spaces. Let k be an integer as defined in Theorem (4.5). Then 
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upto automorphism of r the assertions of Theorem 4.5 holds and further we 
can assume — ior 1 < i < n — 1. 

Proof We have Theorem (4.5). Now choose A such that (4.7) holds. 
(1) Clearly holds. 

(3) Claim t^^^^Ki = for all i and j such that A{r)j ^ for some j such 
that k + 1 < j < n. First note that n 7^ for some k + l<i<nhy the 
choice of A. Now by Theorem 4.5 (3) we have t-Ki — for all i. Then from 
(4.7) and the fact that A in invertible the claim follows. 

(4) Claim t^^^Ki = 1 < i < A; for all r. Prom (4.7) we have the claim 
by noteing that a^j = for j > A; + 1. 

2 and 5 follows from arguments similar to Theorem 4.5 (2) and (3). In 
addition we can assume that A{Ki) — 0,1 < i < n — 1. [QED]. 

We will now start eleminating several cases in order to classify integrable 
irreducible modules for r with finite dimensional weight spaces. 

(4.9) Proposition Let V be irreducible integrable module for r with finite 
dimensional weight spaces. Suppose k < n — 1 (see Theorem 4.5) and suppose 
kiy^O for some i, Then such V does not exists. 

Proof By Proposition (4.8) we can assume that ki — ior 1 < i < n — 1 and 

o 

kn 7^ 0. Let Qaf <8)C[t„,i~^] ® CX„ ® Cd„ be an affine Lie-algebra. Let 
Qaf ^ ®h' ®N~ he& standard decomposition with h' ©CK„ ® Cd„. 
Now by Proposition (2.4) we can assume that there exists a weight vector v 
of weight in V such that 

O A„_iv = 0. 
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(The other case can be dealt similarly). Here An-i — C[tf, ■ ■ ■ (We 

o 

have chosen n instead of 1 in Proposition (2.4)). In particular h Eh we have 
h tfe+iC^ = for all m > and for all £. 

o 

Claim For any h Eh the following vectors are hnearly independent in 
V, Fix m > and £. 

{hti-it-"^-htU,t-^"^^%,deZ}. 

Suppose there exists non-zero scalars such that 

Choose h' E h such that {h, h') ^ 0. Consider 
h'tlj^-^t^^^B — for any s, which imphes 



+ {h, h') J2 aasti-^\+HnKk+M+itn^^^'^ 



V 
V 

4-1 ■> 

V 



(by 2.2 (1)). 

The term ti+f't^irfc+i and t^+f 't„ir„ are zero (by Theorem 4.5 (3)) 
being central. Thus the second and third term above are zero. 
The first term is equal to 

+ {h,h')Y,aMU\t-'^stlX\Kk+iv 

+ {h, h') J2 aahti-^\t-^{m + 1)C'^„t; 

(by 2.2) (1)). 

Fix a do in the above and let s = —d^. Now from (2.1) t^'^'^Kk^i — for 
s + d ^ 0. And K^+i = by Proposition (4.8). Thus the second term is zero 
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in the above. Now by Theorem 4.5 (3), i^+i-f^n = for s + d 7^ 0. Hence the 
third term is zero but for do. The first term is zero being an highest weight. 
Hence we have 

a-shtiXlt-"" -KnV^O 

(4.10) Suppose htl^^t-'^v = 0. Consider 

= -{h,h'){e + s)Kk+iv 

+ m{h, h')KnV 

(by 2.2 (1)) and is a highest weight. We know that K^^iv — 0. But 
the second term is non zero. Thus (4.10) is false. This proves a_s = a 
contradiction. This proves our claim. Hence we have proved that under 
the conditions of Proposition (4.9). V^+^5;._,_i-(2m+i)<5„ is infinite dimensional. 
This completes the proposition. [QED] . 

(4.11) Remcirk The case k — n — 1 where modules exists (see Examples 
4.2) will be dealt in the next section. The case A; = and Ki — for all i, in 
which case Z = is dealt in [E3] . 

Now we will deal the remaining case where A; > 1 and Ki — for all i. 

We will first recall an important result due to Futorny [F] on Hiesenberg 
Lie- Algebra. Let if be a finite dimensional vector space with non-degenerate 
symmetric billinear form (,). Then L{H) = if ® C[t, © Cc is called 
Hisenberg Lie-algebra with the following bracket 

[h t"", h' (g) t^] = {h, h')m5m+iflC. 

(4.12) Proposition (Proposition 4.3 (i) [F]). Let V be any Z— graded. 
L(if)— module with finite dimensional graded spaces and center acts by 



39 



nonzero scalars. Then V admits a graded vector v such that H f^v — for 
all n > (or for all n < 0). 

Proof It is only proved for one dimensional H. But the proof works for any 
finite dimensional H by choosing orthogonal basis for H. There it is assumed 
that V is irreducible. But it is not needed for geting a highest weight (or 
lowest weight) vector. [QED]. 

(4.13) Proposition. Let V be integrable irreducible module for r with 
finite dimensional weight spaces. Let k be as in theorem 4.5. Suppose A; > 1 
and Ki — {) for all i. Then such a module V does not exists. 

o o o 

Proof Recall that Q is finite dimensional simple Lie algebra with Q— n^® h 
Then by Proposition (2.12) there exists a weight vector v oi V such 
that n'^ ®AnV = 0. (The case n~ <S)AnV ~ can be done similarly). Suppose 
t^Ki ^ 0. Then by Theorem 4.5 (3), (4) we have i > k+1 and ruk+i = • • • = 
m„. Let H be Hisenberg Lie-algebra spanned by ht—t^,k > 0,ht~'^,k > 
and t"^Ki with Lie-braket. 

[hmlh'tf] = {h,h')kt^Kidk+m. 

Consider M the H module generated by v. Then by Proposition (4.12) there 
exists w in M such that 

(a) hf^t^^w = 0, A; > or (6) ht'^w = for A; < 0. 

Assume (a) 

Now w = Xv ior X e U (/i^)- Then it is easy to see that n"*" ® AnW — 0. Let 
A be the weight of w. 



40 



Claim A 0. Suppose it is zero. Let a be a simple root in A and let 

o 

Xa, Ya, ha = [X^, Y^] be as 5/2— copy inside Q. Then X^ <8) t-, Ya (8) t~^, ha 
is an s/2 copy, (because there is no zero degree centre). Now by s/2 theory 
for integrable module Ya (8) t~^w = for any s as X{ha) = 0. Thus we have 

o o 

Q ®AnW = 0. This implies Z is zero which is not the case. Thus A \hj^ 0. 
Let a be a simple root such that X{ha) 7^ 0. Let Xa = X,Ya = Y h = ha he 
an s/2 copy That is [X, Y] = h, [h, Y] = -21", [h, X] = 2X. Let 4 be such 
that 

(4.14) ht^ - eo{X, Y)t^Ki = 0. where Xt^ we mean X O t^. 

Claim The following infinite set of vectors are linearly independent in V. 

{yC^t>,r>0,r^4,-4}- 
Suppose there exists non-zero scalars such that 

(4.15) Yl '^rYt~'^Ytlw — 0. We will be using the following in the calcula- 
tion below. 

(1) w is a highest weight vector 

(2) tfKi — which follows from definition 2.2. for ^ 7^ and by assumption 

for e^o. 

(3) d{t^tl)f;' = rm^-^'Ki (by (2.2) and (2.1) and = 0). 
Consider for r > 
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XttXt^tlYtr'Ytlw 
= hf-'ht^tl+'w 

-r{X, Y)htt-H^-tl+'-KiW 

-2s{X, Y)ml+'w 
+ r{X,Y)mtl-'Kihf+'w 
- r{X,Yfsf+'Kit^r+^KiW 

Choose £ such that i — r > which imphes £ + r > 0. Then first three 
terms, the sixth, seventh and eighth term are zero. Thus applying XtfXf^tf 
to (4.15) such that i — r > 0. We have for all r 

J2 ar{ht^tl+' + s{X, Y)t'^4+')w = 

choose s such that i + s = 0. From 4.14 it folios that 

(4.16) ^ Or = 0. Now choose tq be the maximal among r that occur in 
(4.15). Now choose i such that £ — rQ = 0,i — r>0 for r ^ Tq. This implies 
£ + r > Vr. Again apply XtlXt^tf to (4.15) we have 

ar,htl°+'ht^w -2J2 ar{ht^tl+' + s{X, Y)t^t^'Ki)w 

+roar,iX,Y)t^Kihtl°+'w. 

Now choose s such that rg + s = 0. Then a^■^^{ht— + ro(X, Y)t—ki)hw = 0. 
By choice of r and the fact that hw = \{h)w ^ 0, we conclude that a^o = 0. 
A contradiction. Thus Vx^2a is infinite dimension. 
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(b) ht'^w = 0, A; < 0. Consider the set Yt\Yt-'' ,r > and apply 
Xt—tfXtf then we get the desired hnearly independent set. [QED]. 

5. Section 

In this section we will deal with the last case k = n — 1, Kn and Ki = 
for 1 < i < n — 1. We will prove that in this case we will get all the modules 
defined in example (4.2). 

(5.1) Lemma Any Z"^^ graded simple, commutative Algebra M such that 
each graded component is finite dimensional over C is isomorphic to a sub- 
algebra of An-i such that each homogeneous element is invertible. 

Proof Let M = ©rg^n-iM^ where each is finite dimensional. Since 
M is graded simple it follows that Mq is simple commutative Algebra of 
finite dimension over C. Then clearly Mq = C. Let ^ w E Mr- The ideal 
generated by w has to be M and hence there exists inverse say w^^. Consider 
w~^Mr C C. Since w^^w = 1 it follows that w^^Mr = C. In particular each 
non-zero Mr is C. The Lemma follows. [QED]. 

(5.2) Theorem Let V be irreducible integrable models for r with finite 
dimensional weight spaces. Let k be as defined in Theorem (4.5). Assume 
k = n — 1 and Kn ^ 0. Then V is isomorphic toV{ip) as defined in Example 
(4.2). 

Proof First note that t-Ki = for all r and 1 < i < n — 1 and t-K^ — 
for all r such that r„ 7^ 0. Write 
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(5.3) T = N-^An-i® h ®^n-i® Yl t-Kn®D+Z'®N-^^An-i where Z' is 

r„=0 

spanned by t-Ki for 1 < i < n — 1 for all r and t-Ki for all r such that r„ 7^ 0. 
We have N-®h ®CKn © Crf„ © iV+ = =^ ©C[t„, t^^] © CKn © Crf„. We 
have already noted that Z' acts trivially on V. By Lemma 2.3 (5) we know 
that Kn acts by an integer. By an automorphism we can assume that Kn 
acts by a positive integer. Now by Proposition (2.4) we get a weight vector 
V in V such that 

(5.4) N~ An-iv = 0. Let be the abelian Lie-algebra spanned by 
h O^n-i ® ^t^K^- Here = C[i^, • • • ,t^_i]. Let M be a ^" © D- 

rn=0 

module generaed by v. 

Claim M is irreducible h!' © D— module. Let w be a weight vector of M. 

o 

Since V is irreducible there exists X e U{Qa such that Xw — v. By 

PBW theorem 

X = X^HX+ where 

X+ e C/(A^+(8)A„_i),X_ e C/(A^-(8)A„_i) and e U{h") from (5.3). L> and 
Z' does not appear as w is a weight vector and Z' acts trivially. But Yv — w 
for some Y e C^(Zi ") we can see that N'^ (S> A^-iYv — 0. Thus X+w — 0, 
which means X^ cannot appear and by weight reasons X_ cannot appear. 
Thus X — H which belongs to UQi). This proves the claim. 

Since ^; is a weight vector, D acts by scalar and hence M — U{lb')v. So 
we have M a Z"~^ graded irreducible module for ii . Thus M = C/(/i")/7 
for some graded Ideal I. Since ii is abelian M is Z"~^ graded simple com- 
mutative algebra. Now by Lemma (5.1), M is isomorphic to a subalgebra of 
An-i- Let : U{^) ^ M = ^4;^ C An-i be the quotient map which IT'''^ 
graded. By Proposition 3.3, we have V = V{'^). As earlier ^0 = £^(1) o -0 
where E(l) = 1. 
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h' ®CKn and identify t^K^ as (g) t-(mn = 0). Thus h' (g) A^-i =/i 
(^An-i © ^ Ct—Kn- Prom Proposition (3.20) we have 

m„=0 

N 

i){h ® i^) = ^a^Aj (/i) for /i e /i' 

and m G Z""-^. Now extend each \j to h that is give some value to \{dn) 
such that ■0(c^n) = ^ Aj((i„). It is well known that the irreducible integrable 
highest weight module V{\j) for Qaf are all isomorphic for various values 
of \j{dn). (see [K]). Now ®^^]V{\j) = V{^jj) being the unique irreducible 
module for the highest weight ijj. [QED]. 

Remark (5.5) We need to consider more general modules than in [E3] 
where center acts trivially like in our Example (4.1). Nevertheless we proved 

o 

that an irreducible integrable module (not graded) Qj^ is actually a module 

o 

for Q ®A/ 1{ Lemma (1.2) and Proposition (2.1) of [E3]) where / is a cofinite 
ideal of A generated by polynomials with distinct roots. But our lemma 3.11 

o o 

(b) says that Q ®A/I = © ^. Thus in this case all irreducible integrable 

o 

modules with finite dimensional weight spaces for are given in Example 
(4.1). 
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